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Abstract. We develop a new method to solve the irreducible character problem 
for a wide class of modules over the general linear superalgebra, including all the 
finite-dimensional modules, by directly relating the problem to the classical Kazhdan- 
Lusztig theory. Furthermore, we prove that certain parabolic BGG categories over 
the general linear algebra and over the general linear superalgebra are equivalent. We 
also verify a parabolic version of a conjecture of Brundan on the irreducible characters 
in the BGG category of the general linear superalgebra. 



1. Introduction 

The problem of finding the finite-dimensional irreducible characters of simple Lie 
superalgebras was first posed in |KH IK2] . This problem turned out to be one of the 
most challenging problems in the theory of Lie superalgebras, and in the type A case 
was first solved by Serganova [Sej. Later on, inspired by [LLTj . Brundan in [Bj pro- 
vided an elegant new solution of the problem. To be more precise, Brundan in [Bl 
Conjecture 4.32 and (4.35)] gave a conjectural character formula for every irreducible 
highest weight 0l(m|n)-module in the Bernstein-Gelfand-Gelfand category in terms 
of certain Brundan-Kazhdan-Lusztig polynomials. The validity of the conjecture would 
imply a remarkable formulation of the Kazhdan-Lusztig theory of in terms of canoni- 
cal and dual basis on a certain Fock space. Brundan then solved the finite-dimensional 
irreducible character problem by verifying the conjecture for the subcategory of finite- 
dimensional 0[(mjn)-modules, in which case the Fock space is g*"!" (see Section [4.3p . 
One of the main purposes of the present paper is to establish Brundan's conjecture 
for a substantially larger subcategory of of 0[(m|n)-modules, which includes all the 
finite-dimensional ones. We note that a similar Fock space formulation is known among 
experts for modules of the general linear algebra Ql{m + n) in the category 0, and in 
particular for modules in the maximal parabolic subcategory corresponding to the Levi 
subalgebra gl(m) © Ql{n), in which case the Fock space is £™-+"- (see Section HT3|) . 

Let and g denote direct limits of general linear algebras g[(m -|- n) and of general 
linear superalgebras g[(m|n), respectively, as n ^ oo (see Section [22] and Section [2^ . 
Motivated by [B] it was shown in |CWZ] that in the limit n — )• oo the Fock spaces 
and g™-!" have compatible canonical and dual canonical bases, and that the Kazhdan- 
Lusztig polynomials in and can be identified. Now the Kazhdan-Lusztig 
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polynomials of £™'+°° describe the g-module category Oj_^ _2] whose objects are the 
direct limits of modules in the above-mentioned maximal parabolic subcategory, while 
those of describe the g-module category Oj^_m,-2] whose objects are direct limits 

of finite-dimensional 3[(m|n)-modules. From this and Brundan's formulation it follows 
that the classical (parabolic) Kazhdan-Lusztig polynomials of the general linear algebra 
also give solution to the finite-dimensional irreducible character problem for the general 
linear superalgebra. 

Motivated by [CWZj Wang and the first author in [CW] compare a more general 

f — — / 

parabolic g-module category Oy with a corresponding g-module category Oy, where 

Y here is any subset of [— m, — 2] (see Sections 12.21 12.31 and Remark l3.13p . A precise 

statement of the parabolic Brundan conjecture ([B, Conjecture 4.32]) on the character 

of irreducible g-modules in Oy was given in [CW^ Conjecture 3.10]. The results in 

[CWZl ICW] suggest a direct connection between the categories 0(. and Oy. In fact, 

the categories Oy and Oy are conjectured to be equivalent in |CWl Conjecture 4.18], 
which was referred to as super duality. 

The purpose of the present paper is to establish this super duality. Our main idea is 
the introduction of a bigger Lie superalgebra g (Section l2.ip . which contains and inter- 
polates g and g. We then study a corresponding category Oy of g-modules and define 

certain truncation functors T : Oy — )• Oy and T : Oy — ?> Oy (Section l3.2p . These func- 
tors are shown to send parabolic Verma g-modules to the respective parabolic Verma 
g- and g-modules, and furthermore irreducible g-modules to the respective irreducible 
g- and g-modules. From this we obtain in Theorem 13.161 a solution of the irreducible 
character problem for g-modules in Oy. The solution of the irreducible character prob- 
lem then allows us to compare the Kazhdan-Lusztig polynomials in Oy with those in 
Oy. This then enables us to prove in Theorem 15.11 that the functors T and T define 
equivalences of categories from which super duality follows. 

Note that a special case of the super duality conjecture was already formulated for 
the categories Oj_^ and 0[_^__2] in [CWZ^ Conjecture 6.10]. A proof of this special 
case was announced recently in |BSj , with a proof to appear in a sequel of [BS]. Our 
method differs significantly from that of Brundan and Stroppel, as ours is independent 
of [B]. Furthermore our approach enables us to explicitly construct functors inducing 
this equivalence, and it is applicable to more general module categories. 

We want to emphasize that, in contrast to [CWZj . the arguments presented in this 
article do not depend on [B] or [Se], and hence Theorem 13.161 also gives an independent 
solution to the finite-dimensional irreducible character problem for the general linear 
superalgebra as a special case. By directly relating the irreducible character problem 
of Lie superalgebras to that of Lie algebras our solution of the problem becomes sur- 
prisingly elementary. Our method is applicable to other finite and infinite-dimensional 
superalgebras, e.g. the ortho-symplectic Lie superalgebras |CLW| . 

This article is organized as follows. In Section [2] the Lie superalgebras g, g and 
g are defined, together with the module categories 0^, 0{r and Oy. In Section [3] 
the main tool, odd reflections |LSSJ, of making connections between these categories 
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is introduced, and the crucial Lemma 13.21 is proved. In Section U] we show that the 
Kazhdan-Lusztig polynomials of these categories coincide, from which we then derive 
in Section [5] the equivalence of these categories. 

We conclude this introduction by setting the notation to be used throughout this 
article. The symbols Z, N, and Z4. stand for the sets of all, positive and non-negative 
integers, respectively. For m € Z we set (m) := m, if m > 0, and (m) := 0, otherwise. 
For integers a < b we set [a, b] := {o, o + 1, • • • , b}. Let T denote the set of partitions. 
For A G CP we denote by A' the transpose partition of A, by i{X) the length of A and 
by SA(yi, y2j • ■ ■ ) the Schur function in the indeterminates yi, 2/2, • " " associated with A. 
For a super space F = Vg ® and a homogeneous element v £ V, we use the notation 
\v\ to denote the Z2-degree of v. Let U{q) denote the universal enveloping algebra of 
a Lie (super)algebra g. Finally all vector spaces, algebras, tensor products, et cetera, 
are over the field of complex numbers C. 

Acknowledgments. We are very grateful to Weiqiang Wang for numerous helpful 
comments and suggestions. We also thank one of the referees for suggestions. 



2. The Lie Superalgebras g, q and g 

2.1. The Lie superalgebra g. For m S N, let V denote the complex super space 
with homogeneous basis {vr\r € [—m, —1] U ^N}. The Z2-gradation is determined by 
\vr\ = 1, for r G i + Z+, and \vi\ = 0, for i G [— m, — 1] U N. We denote by g the 
Lie superalgebra of endomorphisms of V vanishing on all but finitely many VrS. For 
r,s,p G [—m, —1] U ^N, let Ers denote the endomorphism defined by Ers{vp) := SspVr- 
Then g equals the Lie superalgebra spanned by these ErsS. Let g^° be the subalgebra 
isomorphic to the linear algebra g[(m) spanned by Etj, i,j G [—m, —1]. 

Let t) stand for the Cartan subalgebra spanned by the ErrS and let {e,- G f)*|r G 
[-m, -1] U iN} be the basis dual to {E^ G i)\r G [-m, -1] U ^N}. Let n denote the 
simple roots := e_m - e-m+i) ■■■ , "-1 := £-1 - £1/2} U {or := €r - e^_^i \r G ^N}. 

The corresponding Dynkin diagram is 

(Dl) O O O (gKHg) 

a_,„+i Q_2 ct_i ^1/2 an 

For a G n let a"^ denote the simple coroot corresponding to a. Explicitly, we have 

«-l = ^-1 -l+-E^l/2,l/2i Oil/2 = --^1/2,1/2 --^11' «1 = -E'll +-£^3/2,3/2 ) «3/2 = ~-^3/2,3/2- 

E22 et cetera.^ _ ^ 

Given a G I)*, let g^ := {x G g | [h,x] = a{h)x,\/h G f)} and let A denote the set of 
all roots. The positive roots with respect to n will be denoted by A-|_, while b denotes 
the Borel subalgebra with respect to A+. Let n := [b,b] and let n_ be the opposite 
nilradical. 
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For any subset Y C [— m, —2] (including y = 0), define 

•= ®QGA+\(Ay)+9"' 

(uy)_ := ©aeA+\(Ay)+9-"' 
py :=Ty ©Uy, 

where Ay := A fl (©^^yy ipj^ctr) and (Ay)+ := A^_ fl Ay. Then py is a parabohc 

subalgebra of g with Levi subalgebra ly and nilpotent radical Uy. Set py° := fl py 

andT<° :=?<OnTy. 

Given A € we denote by L(ly, A) the irreducible [y-modulc of highest weight A 
with respect to ly n b, which we may regard as an irreducible py-module in the usual 
way. Define the parabolic Verma Q-module 

K{\) :=Ind|^L(Ty,A). 

Let L(A) be the irreducible g-module of highest weight A with respect to b. 

Set 

Ty :={A = (A_m, X-m+i, • • • , A_i, Ai, A2, • • • ) | 
-1 

AiGZ, Vi; Aiei,a/) gZ+,Vj ey; (Ai, A2, ■ ■ ■ ) e T}- 

i=—m 

For A G Ty we let A+ := (Ai, A2, • • • ) G ^ and A<0 := Eri-™. 

Given a partition /x = {^1,^2-, • • • ) we set 6{p) to be the sequence of integers 

where d{l^)i~i/2 '■= {iJ-'i ~ ~ 1)) and 9{iJ,)i := (/Xj — i), for i G N. We recall that (•) is 
defined at the end of the Introduction. 

Example 2.1. For the partition A = (7, 6, 3, 3, 1), we have 6'(A) = (5, 6, 3, 4, 2, 0, 0, • • • ). 
This can be read off the Young diagram of A as follows: 



5 


6 


CO 


4 


2 









Set 

Ty := {A<° + ^ 9iX+)r€r ei)*\X= (Xi) G Ty}. 
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For a semisimple f)-module M and 7 G f}*, we define 

My := {m G M\hm = j{h)m,yh G t)}. 

2.2. The subalgebra g. We denote by g the subalgebra of g generated by Ers, r, s G 
[— m, —1] U N. The Cartan subalgebra [} has basis {Eii\i G [—m, —1] U N}, with dual 
basis {€i\i G [—m, —1] U N}. The corresponding Dynkin diagram is 

c^o c^o— o o — 

a-^ a_2 /3_i /3i /3„ 



where 

^_i:=e_i-ei, /?i := - ei+i, i>l. 

Set b:=bng,n:=nng and n_ := n_ n g. Set ly := H g, py := py n g, uy := uy n g, 
and (uy)_ := (uy)_ fl g. 

Given A G f)*, we denote by L([y, A) the irreducible [y-module of highest weight A 
with respect to ly fl b, which we may regard as an irreducible py-module in the usual 
way. Define the parabolic Verma g-module 

K{X) :=IndS^L([y,A). 

Let -£'(A) be the irreducible g-module of highest weight A with respect to b. 
As usual, we identify Jy with the following set of weights in t)*: 

= {A<° + ^ Xjej G ri A = (Ai) G ?y}. 

For a semisimple [)-module M and 7 G f)*, we define 

My := {m G M\hm = ^{h)m,\/h G I)}. 

2.3. The subalgebra g. We denote by g the subalgebra of g generated by Ers-, r,s € 
[—171, —1] U ^ + Z_|_. The Cartan subalgebra t) has basis {Err\r G [— m, —1] U ^ + Z+j, 
with dual basis {e^lr G [— m, —1] U i + Z+}. The corresponding Dynkin diagram is 

o — o 0-^^-0 o 

Ct-m a-m + 1 a-2 a-1 /3i/2 0n+l/2 

where 

A-1/2 := ei-1/2 - ej+i/25 ^ > 1- 

Set b := bng, n := nfig and n_ := n_ng. Set ly := tyflg, py := py ng, Uy := Uy ng, 

and (uy)- := (uy)- Hg. 

Given A G f) let L([y,A) be the irreducible ly-module of highest weight A with 
respect to ly fib, which we may regard as an irreducible py-module. Define the parabolic 
Verma Q-module 

K{X) :=Ind|^L(ly,A). 
Let L{\) be the irreducible g-module of highest weight A with respect to b. 
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Let _ 

:= {A<° + J2(X+y^^^-| € f)* | A = (A,) G ?y}. 
iGN 

For a semisimple f)-module M and 7 € f)*, we define 

M-y := {m e Mlhm = ^{h)m,\lh e ^}. 

2.4. Parametrization for ^Py, ^Py and !Py. The set ^Py parameterizes the sets Ty, 
^Py and yy- From now on we will use the following notation. For A = (Aj) S CPy, let 

00 

A:= A<o + ^AieiGTy, 

i=l 
00 

:=A<0 + ^(A+Xe,_i/2eyy, 

i=l 

:= A<0 + 0{X+)^er G Ty. 

Example 2.2. Let m = 3, F = and A = (-5,2,-3,7,6,3,3,1) (cf. Example [H]) . 
We have 

A = -5e_3 + 2e_2 - 3e_i + 7ei + 6e2 + 3e3 + 3e4 + les, 

a'' = -5e_3 + 2e_2 - 3e„i + 5ei + 4e3 + 4e5 + 2e7 + 2e9 + 2eii + lew, 

222222 2 

A'' = -5e_3 + 2e_2 - 3e_i + 5ei + 6ei + 3e3 + 4e2 + 2e5. 

222 

2.5. Categories of g-, g-, and g-modules. Let Oy (respectively Oy, Oy) be the 

category of 0-(respectively g-, 0-)modules M such that M is a semisimple f)- (respectively 
f)-, f)-)module and dimMy < 00 for each 7 G f)* (respectively f)*, f)*) satisfying 

(i) M decomposes over [y (respectively [y, ly) into a direct sum of L([y,/x^) (re- 
spectively L(ly,//), L(Iy,/X^)), ;U G CPy, 

(ii) M has a filtration of g- (respectively g-, g-)modules M = Mq 5 Mi ^ M2 5 • • • 
such that for alH > Mi/Mi^i = L{uf) (respectively L{vi), L{i'^)), for some 
i^i G Ty. 

The morphisms in Oy are g-homomorphisms. The morphisms in Oy (respectively 
Oy) are (not necessarily even) g-(respectively g-)homomorphisms. Clearly K{X), for 
A G ^y, lies in Oy^ By [CKl Theorem 3.2] and (UKl Theorem 3.1], K{X^) and KiX'^), 
for A G ^Py, lie in Oy and Oy, respectively. 

Let Oy (respectively Oy, Oy) denote the full subcategory of Oy (respectively Oy, 
Oy) consisting of objects having finite composition series. 

Set r := J2j=-m'^^j + Z^re-N^^^- F be a semisimple {)-module such that 

M = 0^gp My . Then V is a Z2-graded vector space ^ = Vg Vj such that 

(2.1) Vo := V, and := V^, 
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where :={//€ T | Erei/2+z+ KEr,r) = e (mod 2)}. 

Set r := J2j=-m'^^j + Srei+z+ ■'^^^ be a semisimple (^-module such that 
M = 0^gp M^. Then F is an Z2-graded vector space V = Vq^Vi such that 

(2.2) Fg := and Fi := F^, 

where T^:= {fieT \ Y.re^^z+ l^(.^r,r) = e (mod 2)}. 

It is clear that Oy is an abelian category. For M € Oy, let M G Oy denote 
the 0-module M equipped with the Z2-gradation given by (j2.ip . The Z2-gradation 
given by (|2.2p is compatible with the g-action. Therefore, for M, iV G Oy, and ^ € 
Homg^(M, A^), the kernel and the cokernel of (p have structures of Z2-graded vector 
spaces defined by (12. ip . The induced g-actions on the kernel and cokernel are compatible 
with this Z2-gradation. Thus the kernel and the cokernel of (p belong to Oy, and hence 
Oy and 0(- are abelian categories. Note that the homomorphic image of (p may not be 
a 0-submodule of N. Similarly, the Z2-gradation given by (j2.2p of any object M S Oy 
is compatible with its g-action. Moreover, Oy and Oy are abelian categories. 

We define 0^ and Oy*^ to be the full subcategories of Oy and Oy, respectively, 
consisting of objects with Z2-gradations given by (j2.ip (c.f. [Bl §4-e]). Note that the 

morphisms in 0^ and Oy*^ are of degree 0. For M G Oy, it is clear that M is isomorphic 

to M in Oy. Thus Oy and Oy have isomorphic skeletons and hence they are equivalent 

— f ^ f 

categories. Similarly, Oy and Oy are equivalent categories. 

Analogously define Oy and Oy'' to be the respective full subcategories of Oy and 
Oy consisting of objects with Z2-gradations given by (12. 2p . Similarly the morphisms 
in 0^ and Oy'' are of degree 0. Moreover, 0^ and Oy are equivalent categories, and 
Oy and Oy are equivalent categories. 

3. Odd Reflection and character formulae 

We shall briefly explain the effect of an odd reflection on the highest weight of an 
irreducible module that was studied in \PS\ Lemma 1] (see also \KW\ Lemma 1.4]). 
Fix a Borel subalgebra "B with corresponding set of positive roots A_|_(23). Let a be 
an isotropic odd simple root and be its corresponding coroot. Applying the odd 
reflection with respect to a changes the Borel subalgebra "B into a new Borel subalgebra 
S(a) with corresponding set of positive roots A+(S(q;)) = {—a} U A+(S) \ {a}. Now 
let A be the highest weight with respect to "B of an irreducible module. If (A, a^) ^ 0, 
then the highest weight of this irreducible module with respect to S(a) is A — a. 
If (A,a^) = 0, then the highest weight remains unchanged. In the sequel we will 
sometimes refer to the highest weight with respect to the new Borel subalgebra as the 
new highest weight. 

3.1. Odd reflection and a fundamental lemma. 
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3.1.1. A sequence of odd reflections and n'^(n). Starting with the Dynkin diagram (Dl) 
of Section 12.11 and given a positive integer n we apply the following sequence of ^^"'^^'^ 
odd reflections. First we apply one odd reflection corresponding to €1/2 — ^1, then we 
apply two odd reflections corresponding to £3/2 — £2 and ei/2 — £2- After that we apply 
three odd reflections corresponding to — £3, £3/2 ~ £3) and ei/2 — £3, et cetera, until 
finally we apply n odd reflections corresponding to fn-i/2 ~£nj £n-3/2 "£«> ' ' ' > £1/2 ~£n- 
The resulting new Borel subalgebra for q will be denoted by b'^{n) and the corresponding 
simple roots are 

n^(n) := {a-m, ■ ■ ■ , a_2; • • • , /3n-i; £n-£l/2; /3l/2) ■ ■ ■ )/3n-l/2; "n+l/2)"n+l, • • • }• 

o — o — o — o o — o — <^—^ 

a-m Q-m + l Q-2 P-i 0„-ieii-«l/2 /3l/2 ^„-l/2"" + l/2 "ii + l 

A Borel subalgebra is completely determined by giving an ordered homogeneous basis 
for the standard module. The ordered basis corresponding to the Borel subalgebra of 
n'^(n) is given below. 

{V-m, ■ ■ .,V-i,Vi,V2, . . . ,Vn-l,Vn,Vi/2,V3/2, ■ ■ ■ , Vn+1/2, Vn+1, Vn+3/2, Vn+2, Vn+5/2, ■ ■ ■}■ 

3.1.2. A sequence of odd reflections and n*(n). On the other hand given (Dl) and n 
we can also apply the following different sequence of "'^"'^^^ odd reflections. First we 
apply one odd reflection corresponding to ei — £3/2, then we apply two odd reflections 
corresponding to €2 — £5/2 and ei — £5/2- After that we apply three odd reflections 
corresponding to £3 — £7/21 £2 — £7/2) and ei — £7/2, et cetera, until finally we apply n 
odd reflections corresponding to £n — £^+1/2) £n-i — £n-i-i/2) ' ' ' ) £1 ~£n-i-i/2- The resulting 
new Borel subalgebra for g will be denoted by b*(n) and the corresponding simple roots 
are 

n'^(n) := {a-m,-- - , a-2; a_i; /3i/2, • • • /?n-l/2; £n+l/2-£i; /^l, • ' ' > /3n; QJn+l, an+3/2) ' ' ' }• 

O 0-^—0 O — (8^0 O — — 

a-m "-2 a-1 Pi/2 /3„-i/2 «ii+i/2 - ei ^1 /3„ "n + i "n+3/2 

The ordered basis corresponding to the Borel subalgebra of n*(n) is given below. 

{v-rn, • • • , t--!, Ui/2, ^"3/2, • • • , l'n-1/2 , ^'n+1/2 , ^^1 , ^^2 , • • • , Vn, Vn+1, Vn+3/2, Vn+5/2, ■ ■ ■}■ 

Remark 3.1. We note that the simple roots used in the above two sequences of odd 
reflections are all roots of [y and hence these sequences of odd reflections leave the set 
of roots of uy invariant. 

We denote by by(n) and by(n) the Borel subalgebras of [y corresponding to the sets 
of simple roots 11'^ (n) n Ay and 11* (n) fl Ay, respectively. 
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3.1.3. A fundamental lemma. 

Lemma 3.2. Given A G CPy, let n G N. 

(i) Suppose that ^(A-f.) < n. Then the highest weight of L{Iy, X^) with respect to 
the Borel subalgebra by(n) is X, regarded as an element in Ty. 

(ii) Suppose that i{X'^) < n. Then the highest weight o/L([y,A^) with respect to 
the Borel subalgebra by(n) is X\ regarded as an element in CPy. 

Proof. We shall only give the proof for (i), as (ii) is analogous. 

Certainly A"^'' is unaffected by the sequence of odd reflections in Section 13.1.11 We 
will show more generally by induction on k that after applying the first k{k + 1) /2 odd 
reflections in Section 13.1.11 this weight becomes 
(3.1) 

k k 

X[k] = X<^ + Y,^^^i + Y.^{K)'i-k)ei.l,2+ ((A+)--i + l)ej-i/2+ i^j-^)^r 

i=l i=l j>k+l j>k+l 

From ()3.ip the lemma follows. 

Suppose that k = 1. If ^(A+) < 1, then A^ = A^'^ and in particular (A^, E'1/2,1/2 + 
Ell) = 0, and thus the new highest weight is A[i] = A^'' = A^. If ^(A+) > 1, then 
(A+)'i > 1 and Ai > 1 and thus 

A' = A<o + (A+);ei/2 + (Ai - l)ei + • • • . 

Now (A^, -Ei/2,1/2 + > 0) aiid hence the highest weight after the odd reflection with 
respect to ei/2 — ci is 

A[i] = A<° + Aiei + ((A+); - l)ei/2 + • • • , 

proving ()3.ip in the case k = 1. 

Now suppose that (j3.ip is true for k. We shall derive the formula for k + 1. If i{X-^-) < 
k, then X^ = A<° + Yli=i ^i^i- Therefore we have (A[fc], £'j_i/2,i-i/2 + Ek+i,k+i) = 0, 
for 1 < i < A; + 1. So the odd reflections with respect to ej_i/2 — Cfc+i do not affect X^^y 
Thus we have Aj^+ij = Aj^j. So in this case we are done. 

Now assume that ^(A+) > A; + 1. Let s = X^+i. We distinguish two cases. 

First suppose that A^+i > A; + 1. Then (A+)'^_,_]^ > A; + 1 and hence (|3.ip becomes 

k k 

X[k] =A<° + Y ^^^i + Y^Mi - ^)ei-i/2 + (Mk+i - k)ek+l/2 

1=1 i=l 

+ (Xk+i -k- l)ek+i + Yl - + l)ei-i/2 + Y - ^^^r 

j>k+2 3>k+2 
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Now (A[jt], ii^fc_|_i/2,fc+i/2 + Ek+i^k+i) > SO that after the odd reflection with respect to 
~ Cfc+i the new weight becomes 

k k 

\k,l] =A<° + ^i^i + Y.^M^ - fc)ei-l/2 + ((A+)fe+i -k- l)efc+i/2 
i=l i=l 

+ - k)ek+i + Y -j + l)ej-i/2 + ~ ^^^r 

j>k+2 j>k+2 

Now {\k,i]j Ek-i/2,k~i/2 + -E'fc+i.fc+i) > SO after the odd reflection with respect to 
efc-i/2 - e/c+i we get 

k k-l 

\k,2] =A<° + Y ^i^i + - ^)ei-i/2 + (Mk -k- l)efc-l/2 

i=l i=l 

+ {{KYk+i - l)eA:+i/2 + (Afe+1 -k + l)ek+l 

j>k+2 j>k+2 

Finally after a total of /c + 1 odd reflections we end up with 

fc+i fc+i 

\kMl] =A^° + Y ^^^^ + Y^^^+^'i " ^ " l)^i-l/2 
1=1 i=l 

+ 5^ - J' + l)^i-l/2 + Y - -^^i' 

j>k+2 3>k+2 

which equals X[k+iY 

Now consider the case A^+i = s < k + 1. We have (A+)j- > A; + 1, for j < s and 
(A+)j < A: + 1, for j > s. Thus ()3.ip becomes 

k s 

\k] = A<° + X] A'^* + Y^^^+y^ - ^)^*-i/2' 

i=l 1=1 

where ((A+)^ ~ k) > 0, for i < s. It follows that odd reflections with respect to 
^k+i/2 ~ fifc+i, ■ ■ ■ ,^8+1/2 ~ Cfc+i do not affect \[k], while odd refections with respect to 
^s-i/2 ~ Cfc+i, • • • , ei/2 ~ affect Aj^]. From this we obtain 

fc+l s 

■^[fc+l] = \k,k+l] = + Y^ "^^^^ - - l)ei-l/2> 

j=l j=l 

which concludes the proof. □ 

Corollary 3.3. Let A G CPy and n G N. 

(i) Suppose that ^(A+) < n. Then K{\^) is a highest weight module with respect 
to the Borel suhalgehra h^{n) with highest weight A, regarded as an element in 
7y ■ Also the highest weight of L{\^) with respect to the Borel subalgebra b'^(n) 
is X, regarded as an element in IPy. 
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(ii) Suppose that (.{X'^) < n. Then K{\^) is a highest weight module with respect 
to the Borel subalgebra b'^(n) with highest weight \\ regarded as an element in 
IPy. Also the highest weight of L{\^) with respect to the Borel subalgebra b^{n) 
is X\ regarded as an element in ^Py. 

Proof. As an ly-module K{\^) contains a unique copy of L([y,A^) that is annihilated 
by uy. By Lemma 13.21 with respect to by(n) the highest weight of -L(ly, A^) is A. Now 
by Remark 13.11 by(n) + uy = b'^(n). Thus K{\^) has a non-zero vector of weight A 
annihilated by b'^(n). This vector clearly generates K[\^) over g, proving the first 
statement of (i). A verbatim argument proves the second statement as well. 

Part (ii) is similar and so its proof is omitted. □ 

3.2. The Functors T and T. Recah that f := J2jl^m^^j + EreiN^^^- and T := 

^ Ylj=-m'^^j + ZliGN^^j- Given a semisimple 
[)-module M such that M = 0^gf M^, we define 

r(M) := My, and T{M) := M^. 

Note that T{M) is an f^-submodule of M (regarded as an fi-module), and T{M) is 
an f)-submodule of M (regarded as an f)-module). Also if M is also an [y-module, 
then T{M) is an [y-submodule of M (regarded as an [y-module), and T{M) is an 
[y-submodule of M (regarded as an ly-module). Furthermore if M G Oy, then T{M) 
is a 0-submodule of M (regarded as a g-module), and T{M) is a g-submodule of M 
(regarded as a g- module) . 

Let M = 0^gp and = 0^gp be two semisimple f)-modules. We let 

: M > T{M) and Tjj : M > T{M) 

be the natural projections. If / : M — > N is an f)-homomorphism, we let 

T[J] : T{M) > T{N) and T[J\ : T{M) > T{N) 

be the corresponding restriction maps. Note that Tj^ and T[f] (respectively, Tj^ and 
r[/]) are [)- (respectively, \)-) homomorphisms. Also if / is also [y-homomorphism of 
ly-modules, then T~ and T[f] (respectively, and T[f]) are ly- (respectively, ly-) 
homomorphisms. Furthermore if / is also g-homomorphism of g-modules, then T-^ and 

r[/] (respectively, and T[f]) are g- (respectively, g-) homomorphisms. It is easy 
to see that we have the following commutative diagrams. 
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For an indeterminate e we let Xr := e'^'', r E [—m, — 1] U gN. The formal character of 
an object in Oy , Oy, and Oy is then an element in Z[[x^^, • • • , x^}]] (8)Z[[xi/25 2:1, •••]], 
Z[[xi^,--- ,x^J]] (g)Z[[xi/2,X3/2, •••]], and Z[[x^^, • • x^J]] (g) Z[[xi, X2, • • • ]], respec- 
tively. For A G IPy, we remark that the character of L([y,A^) is given by [CKl Section 
3.2.3] 

(3.3) chL(Ty,A^) = chL(T<o,A<0)i?5vJxi/2,xi,X3/2,X2,---), 
where fc.f. [SllBR]) 

if5',,(xi/2,Xi,X3/2,X2,---) := ^Sf,{xi/2,X3/2,- ■ ■)s(^r,/,j.y{xi,X2,- ■ ■), Tf ^ ? . 

Here and below L([y'^,A^^) stands for the irreducible [y'^-module of highest weight 
A*^" and so chL([y'', A^'^) is a product of Schur Laurent polynomials in x_m, ■ ■ ■ ,x_i 
depending on Y and A^'^. 

Lemma 3.4. For A € IPy, we have 
(i) T(L(Ty,A^)) = L([y,A), 
(ii) T(L([y,A^)) = L(Iy,A^). 

Proof. Since L(Iy , A) is irreducible, it is enough to prove that T(L([y , A^)) and L(ly , A) 
have the same character. 

Applying T to i([y , A^) has the effect of setting Xj_i/2 = 0, j G N, in the character. 
Thus we have 

chr(L(Ty, A'')) = chL(Tf , A<0)sA+(xi, X2, • • • ), 
which is the character of L([y,A). This proves (i). 

The proof for (ii) is analogous and hence omitted. □ 

Lemma 3.5. If M is a highest weight Q-module of highest weight A^ with A G IPy, then 
T{M) and T{M) are highest weight g- and Q-modules of highest weight A G CPy and 
a'' G Ty, respectively. 

Proof. We will only show this for T{M), as the case of T(M) is analogous. Let v he 
a nonzero vector in M of weight A obtained from a non-zero vector of weight A^ by 
applying the sequence of odd reflections of Section [3. 1.11 Such a vector by Corollarv l3.3l 
is a b'^(n)-highest weight vector of the g-module M, for n ^ 0. Evidently v G T{M) 
and, since b = b^{n) n g, w is a b-singular vector. The g-module T(M), regarded as 
an [y-module, is completely reducible by Lemma |3.4[ Thus to prove the lemma it is 
enough to show that every vector w G T[M) of weight /i G Ty lies in \L{xi-)v. To 
see this, choose n so that ^(A^) < n and •^(/i+) < n. Then with respect to b'^(n), v is 
a highest weight vector of M and hence w G U(n^i(n))w, where n'L(?T.) is the opposite 
nilradical of h'^{n). Now the conditions ^(A+) < n and < n imply that 

-1 n-l 

(3.4) X-i2= ^ Oiei + ^^bjej, ai,bj£Z 
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But A — /i is also a finite Z_|--linear combination of simple roots from n'^(n). So we can 
write 

A — /i = a^a, aQ, G Z_(.. 

aen'=(n) 

If there were some a G {e„ - ei/2; ^1/2, • • • , /3„-i/2; an+i/2; "n+i, • • • } with Oq / 0, then 
it is easy to see that (A — /i, Err) 7^ 0, for r [— m, —1] U [1, n — 1]. It contradicts (|3.4p . 
Therefore A — /i is a Z+-linear combination of {a-m, • • • , «-2; P-i', Pi, - " i /^n-i}) and 
hence w G 'U(n_)t'. □ 

Theorem 3.6. For A G Ty, we have 

T{k{\')) = K{\), r(L(A^)) = L(A); 

T{K{\^)) = K{X^), T{L{X^)) = I(AV 

Proof. We will show this for T. The argument for T is analogous. Computing the 
character of K{\^) we have (see (13. 3p ) 

ch^(A^) = n (| + ^[VL h(lndj::L(Tf ,A<°))i/5v (x,,rri,:c3,X2^ • • • )• 
-^-^ , (1 — x- X,) +2 2 

Application of T amounts to setting the variables x^- = 0, r G ^ + N. Thus 

chr(^(A^))= n T, ^r^ch(ln4::;L(T<o,A<0))s,^(xi,X2,---), 

which equals chi^(A). Since T{K{\^)) is a highest weight module by Lemma 13.51 we 
see thatjr(^(A^)) = K[X). ^ 

Let M := Z(A^) with A G Ty. Suppose that M := T{M) is not irreducible. Since 
by Lemma 13.51 the g-module M is a highest weight module, it must have a b-singular 
vector inside M that is not a highest weight vector. Suppose that w is such a b-singular 
vector of weight G CPy. We can choose n ^ such that A is the highest weight of 
M with respect to b^{n), and ^(A-|-) < n and i{fj,+) < n. By Corollarv 13.31 there exists 
a b^(re)-highest weight vector v\ of the g-module M of weight A. It is clear that v\ is 
a b-highest weight vector of M and hence w G U{a)vx, where a is the subalgebra of 
n_ generated by root vectors in n_ corresponding to the roots —a-m, • • • , —a-2, — /3-i 
and —/3j, ^ < j < k, for some k. 

Choose (7 G N such that q > n and q > k + 1. Note that vx is also a b'^{q)- 
highest weight vector of the g-module M of weight A. Since w is b-singular it is 
annihilated by the root vectors corresponding to the root a-m, ■ ■ ■ ,a-2,/3-i and /3j, 
for all j G N. Also w is annihilated by the root vectors corresponding to the root in 
Il^{q)\{a-m, ■ ■ ■ ,Oi-2, (3-1, Pi, f32, - ■ ■ , Pq-i} since w G U{a)vx and these root vectors 
commute with a. It follows that w, regarded as in M, is then a b'^(g)-singular vector, 
contradicting the irreducibility of M. □ 

Proposition 3.7. T and T define exact functors from Oy to Oy and from Oy to Oy, 

— — f f ^ f — / 
respectively. Furthermore, T and T send Oy to Oy and Oy to Oy, respectively. 
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Proof. Exactness is clear from the definitions. 

It remains to prove that if M e Oy, then T{M) G Oy and T{M) G Oy. We will 
only prove T{M) G Oy, as the proof of T{M) G Oy is analogous. 

Clearly dimr(M)^ < oo, for ah 7 G f)*. Now if M ^ 0^eTy ^(Ty , /)"'(''\ then 
by Lemma [331 r(M) = ©^^y^ L([y, (Here and below m(/i) stands for the 
multiplicity of L([y,^^) in M .) 

Finally by Theorem 13.61 T{L{\^)) = L{X). By exactness of T it follows that a 
downward filtration for M gives rise to a corresponding downward filtration of T{M) 
with a one-to-one correspondence between the composition factors. Hence T{M) G Oy. 

The second part of the proposition is clear. □ 

3.3. Some consequences. Let M G Oy. We may regard chM as an element in 
^[[^-m>''' ® Ki{xi,X2,- ■ where Az(xi, 3:2, • • • ) denotes the space of (com- 

pleted) symmetric functions in the variables X\,X2, - ■ ■ ■ Similarly, for M G Oy and M G 
Oy , chM and chM may be viewed as elements in Z[[x^^, • • • , x^\]]®Ki{xii2,X'^i2, • • • ) 
and • • • ,xt\]] ® Ki{xi,X2, ■■■)® Az(xi/2, X3/2, ■■■), respectively. 

Let tJ : Az(2;i, 2:25 • • • ) ~^ ^2(2^1/21 ^3/2) " " " ) be the ring homomorphism that sends 
the nth complete symmetric function in xi,X2,--- to the nth elementary symmetric 
function in Xi/2,X3/2, • • • . Let w : Az(xi,X2, ■■■) ^ Ki{xi,X2, ■ ■ ■ ) Az(xi/2, X3/2, ■ ■ ■ ) 
be the ring homomorphism defined by sending the nth complete symmetric function 
in X2,X4^,--- (respectively in xi,x^,- ■ ■) to the nth complete symmetric function in 
xi, X2, • • • (respectively to the nth elementary symmetric function in Xi/2) 2:^3/25 '■■ )• 

Corollary 3.8. Let A G ^y. We have 

(i) w(chL(A)) = chL(A^). 

(ii) tJ(chL(A)) = chL(A^). 

Proof. Since cD (chL([y , A)) = chL(ly , A^) and Lj(chL([y , A)) = chL(Iy , A'') the corollary 
follows directly from Lemma 13.41 and Theorem 13.61 □ 

Remark 3.9. Corollary 13.81 (ii) is consistent with the prediction of the super duality 
conjecture, and in the case of irreducible polynomial representations (i.e. A G y[_m,-2] 
with A_i > Ai) gives |BR1 Theorem 6.10]. In the case oiY = [— m, —2] it gives [C WZl 
Corollary 6.15]. For infinite-dimensional unitary modules appearing in certain Howe 
dualities it also recovers [CLZl Theorem 5.3]. 

For n G N, we recall the truncation functor tr„ : Oy (Oy),^ of \CW\ Definition 
3.1], where here and further we use a subscript n to indicate a corresponding truncated 
category of g[(7n|n)-modules. For 7 G X^i^-m ^£j+Z]j=i ^^j-^ ^nij) and Ln{'y) be 
the parabolic Verma g[(m|n)-module and irreducible 0[(m|n)-module of highest weight 
7 in the category (Oy)^, respectively. We recall the following. 

Lemma 3.10. |CW1 Corollary 3.3] Let A G iPy. The truncation functor tr„, for every 
n G N, is exact and it sends K{X) and L{X) to Kn{X) and Ln{X), respectively, if 
(A, £'„_|_i/2,n+i/2) = 0, and to zero otherwise. 
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Proposition 3.11. The module K{X) lies in Oy, for all A G Ty. Thus category Oy 
is the category of finitely generated Q-modules that as ly -modules are direct sums of 
-L([y,/i), € ^Py, with a locally nilpotent UY-action. 

Proof. Consider a fixed A G CPy. Choose n so that (A, £'„+i/2,n+i/2) = 
the degree of atypicality for A does not increase anymore with increasing n. Assume 
L(/i) is a composition factor in K(X). We have // G IPy. Choose k > n such that 
ttfe (L(/i)) 7^ 0. Then A and fi share the same central character in (Oy)^. Therefore 
our choice of n together with /x G iniphes that (/^, -E'n+i/2,n+i/2) = 0- Thus by 
Lemma 13.101 the multiphcity of each inside each i^„(A) is the same as that of 

L(//) in K{X). Since the 0[(m|n)-module Kn{X) has finite composition series (because 
as a 0[(m|n)g-module it is isomorphic to the tensor product of a generalized Verma 

module and a finite-dimensional module), it follows that K{X) G Oy. 

By a standard argument a finitely generated g-module M that as [y-module is a 
direct sum of L{iy,fj,), ^ G Ty, with a locally nilpotent uy-action, has a finite filtration 

by highest weight modules, which are quotients of i^(A), for A G ^Py. Thus M G Oy 
and hence the proposition follows. □ 

Theorem 13.61 and Proposition 13.111 give the following. 

Corollary 3.12. (i) The module i^(A) G Oy, for all X G !Py. Hence the category 
Oy is the category of finitely generated Q-modules that as ly -modules are direct 
sums of L([y,^), fj, G "Py, with a locally nilpotent uy- action. 
(ii) The module K{X) G Oy, for all X G "Py. Hence the category Oy is the category 
of finitely generated Q-modules that as ly-modules are direct sums o/L([y,//), 
^ G "Py, with a locally nilpotent uy -action. 

Remark 3.13. Proposition 13.111 and its Corollary 13.121 implv that the categories Oy and 
Oy are the categories 0^^^^ and 0'^^ of j CWJ . respectively. We note that the proof 
of Proposition 13.111 that we have presented above is elementary. In the proof above we 
have only used the rather easy Lemma 13.101 

By Theorem 13.61 and Proposition 13.71 and Corollary 13.121 we have the following. 

Corollary 3.14. Let A,^ G IPy. The numbers of composition factors of K{X^), K{X) 
and K{X^) that are isomorphic to L{fi^), L{fi) and L{^), respectively, are the same. 

Recall the super Bruhat ordering for weig hts in f) (see e.g. % §2-b] or [CW, §2.3]) 
which we denote by Let us denote by > the classical Bruhat ordering on [)*. As a 
further application we present a super analogue of a classical theorem of BGG. 

Corollary 3.15. Let A G ^y and 7 G ^ . IfL{l) is a subquotient of K{X'^), then 

Proof. Clearly 7 = /x'' for some /i G Py. By Corollarv 13.141 Liji^) is a subquotient of 
i^(A^) if and only if L{ijl) is a subquotient of K{X). By the classical version of the BGG 
Theorem (e.g. [HI Section 5.1]) ^ < A. Now [CWl Lemma 4.6] implies that //^ ^ A^. □ 
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3.4. Irreducible characters. 

Theorem 3.16. Let A G ^y. Let chL(A) = E^e^y a^xchK{iJ,). Then 

(i) chZ(A^) = E^^y^«MAdif 

(ii) chL(A^) = E^^y^«MAchK(A^^). 

Proof. Since tJ(dii^(A)) = ch;^(A'i) and w(chK(A)) = ch^(A^), for A G O^y, the theo- 
rem follows directly from Corollary 13.81 □ 

Remark 3.17. By (14.41) the coefficients a^x in Theorem 13.161 equal i^xi^), where IfixiQ) 
are the classical (parabolic) Kazhdan-Lusztig polynomials [Dl IKL] (see also |CWl 
Proposition 4.4]). Since by \CW\ Theorem 4.7] the polynomials i^xiq) equal ■^^11^^(9) 
(see (14. 3p ) Theorem 13.161 verifies \CW\ Conjecture 3.10], which is a parabolic version 
of a conjecture of Brundan [B^, Conjecture 4.32]. In particular, Theorem 13.161 in the 
special case Y = [—m, —2], together with Lemma [3. 101 gives an independent new proof 
of the first part of [HI Theorem 4.37]. We note that our results do not rely on (Bl ISej . 

Below we work out in more detail a character formula for the irreducible g[(m|n)- 
module ^^(7), where 7 is a weight of the form 

-1 n 
i=—m j=l 

with 71 > 72 > • • • > 7n- Recall that the one-dimensional determinant module det 
has (highest) weight 1^|„ = Yl7=-m^i ~ Sj=i^j-i/2- k G Z and an [3-semisimple 
§[(m|n)-module M with chM = ^^dimM^e'' we have 

ch(M det®'') = dimM^e''+''^™l" . 

V 

Clearly L„(7 + /cl^|„) = Ln{'y) det*®^. Thus taking tensor product with a suitable 
power of the determinant module, if necessary, we may assume that 71 > 72 > • • • > 
7n > and so 7 G CPy. 

Let A G (with y = 0) be such that = 7. We have ^(A+) < n. Now Theo- 
rem 13.161 (ii) (together with Lemma I3.10p implies that the character of the irreducible 
g[(m|n)-module of highest weight A^ equals to 

(3.5) chL„(7) = Y a^xchKnifi^), 

where Kn{^^) is the parabolic Verma 3[(m|n)-module corresponding to y = 0. As the 
coefficients a^x are known by Remark 13.171 ()3.5p gives the irreducible character for 
0[(m|n)-module Lni'j)- In the special case of 7_m > 7-m+i > • • • > 7-i we obtain 
an irreducible character formula for finite-dimensional irreducible g[(m|n)-module. A 
formula (corresponding to our case Y = [— m, — 2]) was obtained in [Se^ IB] . Theo- 
rem 13.161 is obtained using an approach very different from [Si] and ^ , and provides 
an independent solution of the irreducible character problem. 
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4. Kazhdan-Lusztig Polynomials 

4.1. Homology of Lie superalgebras. Let L = Ljj © Lj be a Lie superalgebra and 
let 7{L) be the tensor algebra of L. Then T(L) = ©^o'^"(-^) associative 
superalgebra with a canonical Z-gradation. For v € L^, we let |?;| := e, e G Z2. 
The exterior algebra of L is the quotient algebra A(L) := 7{L)/J, where J is the 
homogeneous two-sided ideal of T(L) generated by the elements of the form 

x0y + (-l)l^ll2/ly 02;^ 

where x and y are homogeneous elements of L. The A(L) is also an associative su- 
peralgebra with a Z-gradation inherited from T(L). More precisely, we have A(L) = 
^^qA"L, where A^L is the set of all homogeneous elements of Z-degree n in A(L), 
for each n > 0. For Z2-homogeneous elements xi,X2,-'' € L, the image of the 
element xi ® X2 • • • ^ a^fc under the canonical quotient map from 7^{L) to A^(L) will 
be denoted by X1X2 • • • x^. 

For an L-module V, the kth homology group Hk{L; V) of L with coefficient in V is 
defined to be the A:th homology group of the following complex (see e.g. [T]): 

^ A'^(L) ® 1/ A A"-i(L) © y A ^ A\L)(g)V ^ A°(L) ® F^O, 

where the boundary operator d is given by 

(4.1) d{xiX2 ■ ■ ■ Xn ^ v) 

T I SI ^j^i I 8 1^1 II ^-, = 1 I J 1^1 SI I ^^yXs,Xt\Xl ■ ■ ■ Xg ■ ■ ■ Xf ■ ■ Xn® V 

l<s<t<n 
n 

+ ^(-l)''+l^=l Er=s + 1 l^d-j;^ . . . . . . a;;^ (g) XgV. 

s=l 

Here the XjS are homogeneous elements in L and v (zV. Furthermore [xgjXt] G A(L) 
denotes the linear term corresponding to [x^, xj] G L and, as usual, y indicates that the 
term y is omitted. 

4.2. Comparison of homology groups. Here and further we shall suppress the sub- 
script Y and denote (uy)_, (uy)_ and (uy)- by u_, u_ and u_, respectively. 

For M G we denote by M = T{M) G 0(. and M = r(M) G Oy. Let d : 
A(u„)(g)M ^ A(u_)(g)M, d : A(u_)(g)M ^ A(u_)(g)M andd : A(u_)(8)M A(u_)(8)M 
be the boundary operator of the complex of u_-homology with coefficients in M, the 
boundary operator of the complex of u_-homology with coefficients in M and the 
boundary operator of the complex of u_-homology with coefficients in M, respectively. 
Note that d, d, and d are [y-homomorphism, [y-homomorphism and [y-homomorphism, 
respectively. 

The following lemma is easy. 

Lemma 4.1. We have 

(i) T(A(u_))=A(u_), 

(ii) T(A(u_))=A(u_). 
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The [y-module A(u_) is a direct sum of L([y, ^ G Ty, each appearing with finite 
multiphcity. Using [Sj lBR] one can show that A(u_), as an ly-module, is a direct sum of 
-L(Iy , /i''), € Ty , each appearing with finite multiphcity i \C¥\ Lemma 3.2]). Similarly 
it follows that that A(u_), as an [y-module, is a also direct sum of L([y,/x^), /x G Ty, 
each appearing with finite multiplicity ( [CK^ Section 3.2.3]). 

The [y-module A(u_) is of course completely reducible. The [y-module A(u_) (8i 
M and !y-module A(u_) (8)M are completely reducible by [CKl Theorem 3.2] and [CKl 
Theorem 3.1], respectively. 

Lemma 4.2. For M G Oy and A G iPy, we have 

(i) r(A(u_) (8 M) = A(u_) M, and thus T(A(u_) ® Z(A^)) = A(u_) L(A). 
Moreover, T[d\ = d. 

(ii) T(A(u_) O M) = A(u„) (g) M, and thus T(A(u_) (g) Z(A^)) = A(u_) ®I(A^). 
Moreover, T[d] = d. 

Proof. By Lemma 14. 1^ Theorem 13.61 and the compatibility of T and T under tensor 
product we have the first part of (i) and (ii). Using the definitions (j4.ip of d, d and d, 
we have d{v) = d{v) for all v G A(u_) (g) M and d(t(;) = d(t(;) for all v G A(u_) (g) M. 
Hence we have T[d\ = d and r[(i] = d. □ 

Lemmas 13.41 and 14.21 now imply the following. 

Lemma 4.3. Suppose A(u_) (g) M = 0^^^^ L(Ty, /i^)™^'^), asly -modules. Then 

(i) A(u_) (g M ^ 0^eyy ^(fY,^)"'^''^ as [y-modu/es. 

(ii) A(u_) ® M ^ ©^.e^y L(Iy , /i^)"^(^) , as ly -modules. 

By Lemma 14.21 and (j3.2p . we have the following commutative diagram. 
••• > A"+i(u_)(gM — ^ A"(u_)(gM — ^ A"-i(u_)(gM ••• 



-^A»i+l{u_)®M 



T ~ 
A"(ii_)(giA/ 



'^A"-1(2_)®M 



(4.2) 

••• > A'^+i(u„)(gM — ^ A'^(u_)(gM — ^ A"-i(u_)(gM ••• 

Thus T induces an [y-homomorphism from //„(u_;M) to Hn{u-.; M). Similarly, T 
induces an [y-homomorphism from i7„(u_;M) to -?/„,(u_;M). Moreover, we have the 
following. 

Theorem 4.4. We have for n > 

(i) T{Hn{u-;M)) ^ i/„(u_;M), as ly-modules. 

(ii) T{Hn{u-;M)) ^ Hn{u-;Jl), as 'W -modules. 

Proof. We shall only prove (i), as the argument for (ii) is parallel. By Lemma 14.21 and 
([O]) . we have 

r(Ker((ij) = Ker((i) n (A(u_) M) = Kei{d) 

and _ _ 

r(Im((i)) = Im(d) n (A(u_) ®M)= Im((i). 
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Since T is an exact functor, we have 

T(0i/„(u_;M)) = r(Ker(d))/r(Im(d)) = Ker((i)/Im(d) = 0F„(u_;M). 

n>0 n>0 

This completes the proof of the theorem. □ 
Theorem 13.61 imphes the following. 

Corollary 4.5. For A € iPy and n > 0, we have 

(i) r(F„(u_;L(A^))) ^ Hn{u-;L{\)), as ly-modules. 

(ii) T(F„(u_;L(A^))) ^ i?„(u_;L(A'')), as ly-modules. 

4.3. Kazhdan-Lusztig polynomials. Let be the infinite-dimensional general lin- 
ear algebra with basis consisting of elementary matrices Eij, i,j € Z. Let Ug{Ql^) be 
its quantum group acting on the natural module V (see [HI §2-c] or \CW\ §2.1] for 
precise definition). Let W be the restricted dual of V (P §2-d], [UWl §2.3]). Let 
mi, • • • , nis G N with X^^^^ rrii = m and [y" = ©^^^ 0[(mi). Consider a certain topo- 
logical completion of the Fock space ([Bl, §2-d], [CWl §2.3]) 

gmloo ._ pm^ (y^ ^ prn2 (y) ^ . . . A'"^ (V) ® A°°(W). 

By arguments essentially going back to |KL] (c.f. [B[ Theorem 2.17]) £™l°° has three 
sets of distinguished basis, namely the standard, canonical and dual canonical basis, 
parameterized by Ty, denoted respectively by {Kf^^\\ € ^y}, {?7/^JA G J'y}, and 

{Lj^j^ I A G ^y}. Furthermore one has 

(4-3) C//^^ = X] VA^(9)^/^i> = ^/^^A^(9)^/^^, 

where u^\iyfi{q) G Zfq] and ^^iiaIi('?) G Z[g~-^] [CWl (2-3)], which are parabolic versions 
of [H (2.18)]. 

The following theorem is an analogue of Vogan's cohomological interpretation of the 
Kazhdan-Lusztig polynomials. 

Theorem 4.6. We have for X, fi ^ "Py 

oo 

i,.^A-Q'') = J;dimcHom|^(L([y,^^),F„(u_;L(A^)))(?^ 

n=0 

Proof. Consider a topological completion £™+°° of the Fock space \CW\ §2.2] 

gm+oo ._ ^mi ^ ^m2 (y) ^ . . . (V) (g) A°° (V) . 

gm+oo j^g^g standard, canonical and dual canonical basis, parameterized by !Py, 
denoted respectively by {Kf^\X G J'y}, {[//;^|A G ^y}, and {LfJX G J'y}. Similarly to 
()4.3p one has 

^/a = Yl "ma(9)^/m' -^^/a = Yl ^A'A(g)i^/^, 
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where u^a(q') ^ and [^a(q') ^ '^[q^^- It is folklore that (c.f. \CW\ Theorems 4.15 
and 4.16]) 

(4.4) chL(A) = ^^.x{l)dlK{f^). 

Prom [YI Conjecture 3.4] and the Kazhdan-Lusztig conjecture proved in [BBl IBK| we 
conclude 

oo 

= Yl dimcHom,^ (^(ly , A*), i/„(u_; L(A)))g". 

n=0 

Now by \CW\ Theorem 4.7] we have 

By Corollarv 14.51 we have 

dimcHomiy , /i), F„(u_; L(A))) = dimcHom|^ (L(V, ^^), /7„(u„;I(A^))) , 
and hence the theorem follows. □ 

Remark 4.7. Let U{X'^) denote the tilting module in Oy corresponding to A^ € Ty 
[CWl Theorem 3.14]. By Remark [3T7] we have chL(A'') = E/^e^y ^m^a^ (l)ch^(A*'')- 
This, together with the remark following \CW\ Conjecture 3.10], implies that 

chI7(A^)= Y u^Ml)chKii,^). 
5. Super Duality 

5.1. Equivalence of the categories Oy and Oy. The goal of this section is to 
establish the following. 

Theorem 5.1. Recall T and T from Section W^ We have the following. 

(i) r : o(, ^ o(. is an equivalence of categories. 

(ii) T : 0(. ^ 0(- is an equivalence of categories. 

(iii) The categories Oy and Oy are equivalent. 



Since by Section 12.51 Oy^ = Oy and Oy*^ = Oy it is enough to prove Theorem 15.11 
for Oy*^ and Oy*^. In order to keep notation simple we will from now on drop the 
superscript and use Oy and Oy to denote the respective categories Oy and Oy for 
the remainder of the article. Henceforth, when we wr ite K(A^) e 0^ and L(A^) G 0(-, 



A G "Py, we will mean the corresponding modules equipped with the Z2-gradation (j2.ip . 
Similar convention applies to K{X'^) G Oy and L{X'^) G Oy. 

For M, G Oy and i G N the ith extension Ext* * (M, A^) can be understood in the 

sense of Baer-Yoneda (see e.g. [Ml Chapter VII]) and Ext° , (M, N) := Hom,„/ (M, A^). 

Oy 

In a similar way extensions in Oy and Oy can be interpreted. From this view point the 
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exact functors T and T induce natural maps on extensions by taking the projection of 
the corresponding exact sequences. 

For M G 0(. we let M = T{M) and M = t(m). Since all the proofs in this section 
for the functors T and T are parallel, we shall only give proofs for the functor T without 
further explanation. 

Lemma 5.2. Let 

— > A — > B — >C — > 
he an exact sequence of g-modules (respectively, g-modules, Q-modules) such that A, 

^ f f / — f f f 

C G Oy (respectively, Oy, Oy)- Then B also belongs to Oy (respectively, Oy, Oy)- 

Proof. The statement for Oy is clear. The statements for the categories Oy and Oy 
follow, for example, from |CKt Theorems 3.1 and 3.2]. □ 

For g- (respectively, g-, and g-)modules A and C, let £^^(|^(g) ^^(7 -j-^i^jA) (respec- 
tively, y^^j^^^{C, A) and ^^^^^^{C, A)) denote the ith relative extension 

group of A by C (see e.g. \Ku\ Appendix D]). 

Let C be a uy-(respectively, uy-, and uy-)modules. Let W{uy;C) (respectively, 
-ff*(uy;C) and H^{uy;C)) denote the ith uy-(respectively, uy- and uy-)cohomology 
group with coefficients in C. Let J{*(uy;C) (respectively, 5{*(uy;C) and IK*(uy;C)) 
denote the ith restricted (in the sense of [Lj Section 4]) uy- (respectively, uy- and uy- 
)cohomology group with coefficients in the C. 

The following proposition is an analogue of \RW\ §7 Theorem 2] (cf. \Ku\ Lemma 
9.1.8]). 

Proposition 5.3. Let X G Ty and N G Oy. For i > 0, we have 
(i) 

S^*;u(0),U(T,))(^(^')' ^) - Homr, {LCiY,X'),H\uy; N)) 

^Homy^(L(Ty,A^),:K*(5y;iV)). 

(ii) 

£^*;u(i),ix{t,))(^(^^)'^) - Hom|^(L([y, A^),i/^(uy;iV)) 

^Hom|^(L([y,A^),:K^(uy;iV)). 

(iii) 

Hu{0),ix(i,))(^W'^) = Hom,^ (L([y, A), F'(uy;iV)) 

^Homty(L([y,A),?{^(uy;7V)). 

Proof. We have the following relative version of Koszul resolution for the trivial module 
py-modules (see e.g. |GH §1]): 
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where '■= U-(py) ®u(Jy) ^'^(P^/^'^) ^ py-module with py acting on the left of 
first factor for k > and e is the augmentation map from IKfiy) to C. The py- 
homomorphism is given by 

(5.2) dk{a (g) xiX2 - ■ -Xk) 

El 1 \s+t+|i's I y^^~i l^^i | + |xt I y^*~i la;,- l + lxs I Ixt I „ 7 T— — — — 

(—1) ' »i ^1=1 I ti ^j=i I ji^i sM [a^s, • • • • • • xt • • • Xfc 

l<s<t<fc 
s=l 

Here a G U(py) and the homogeneous elements in py and xi denotes Xi + [y 

in py/ly. As usual, y indicates that the term y is omitted. Since Cfc = U(uy) (8) A'^uy 
as [y-module, is completely reducible as [y-module, and hence the image of is a 
direct summand of Ck-i- 

Let L([y, A^) also denote the irreducible py-module on which uy acts trivially. For 
A G ?y and k>0,Dk := (7fc(g)L(Ty, A^) is a py-module. Tensoring (lO) with L(Ty, A") 
we obtain an exact sequence of py-modules 

(5.3) ... 5, A, . . . A 5o A L(Ty , A^) 0, 

where := 9^ (8) 1 for A; > and do := e0 1. 

For k > 0, let Ek := U{g) (8'u(py) -Dfc. Tensoring (j5.3p with 1t(g)0Tx(py) we obtain an 
exact sequence of g-modules 

(5.4) . . . ^ ... A ^0 A ^(A^) 0, 
where := 1 (g) for A; > 0. We observe that 

= ^^(0) ®uipr) i^iPy) %(T,) (A'(py/Ty) ® L(Ty , A''))) 
^ U(g) (A'=(py/Ty) L(Ty, A^)). 

By \Ku\ Lemma 3.1.7] the E^s are (11(0), 'U(ly))-projective modules. Since the im- 
age of dk in (j5.ip is a lX(ly)-direct summand of Ck~i, the image of pk in (15. 4p is 
also a 'U([y)-direct summand of E^-i, for /c > 1, and hence (15. 4p is a ((11(0), 'U([y))- 
projective resolution of K{\^). It follows therefore that the relative extension group 
£xt*^^~^ ^^-j- y^{K{\^), N) equals the zth cohomology group of the following complex: 

(5.5) Homu(5)(^o, N) ^ Homu(g)(^i, TV) ^ HomK(g)(^2, iV) 
Since 

HomK(5)(^i,iV) ^ Hom^(j^)(L(Ty, A^),Homc(AW,^)), 
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for i > 0, the ith cohomology group of the ()5.5p equals Honij^^ (L(ly , A^), -?/*(uy; iV)) 
and hence for each i > 0, 

Since the f)-semisimple submodule of H^(uy', N) with weights in T equals !K*(uy; N) 
we have 

Hom;^ {l(Iy,X^),H'{uy;N)) ^ Hom,^ (L (Ty , ) , ^ (uy ; iV) ) . 
This completes the proof of part (i). The proofs of (ii) and (iii) are analogous. □ 
Corollary 5.4. Let A G "Py md N G Oy. For i > 0, we have 

Proof. Using the arguments of the proof of Theorem 14.41 we can show that 

T{Ji'{uY;N))^Ji\uY;N), 
and hence T induces an isomorphism (VA € IPy,Vi € Z+) 

(5.6) T ■.Rout^^{L(^Y,X^),^\uY■,N)) A Homi^ (L([y, A), Jf*(uy; iV)) . 
By Proposition 15.31 we have 

Similarly, we have 



□ 



Lemma 5.5. Let A G IPy and N G Oy. For i = 0, 1, we have 

(i) T : Ext| (-S^(A^),iV) ^ Ext^Q^ (ii:(A), iV) is an isomorphism, 

(ii) T : Ext|^(A^(A^),iV) Ext^^(K{X^),lV) is an isomorphism. 

Proof. It is well known that ^^^^^^g) n^]" -j-ji^ (X^ ) ^ isomorphic to the equivalence 
classes of [y-trivial extensions of iV by K{X^) [Ho| §2] and 

Hence we have, for i = 0, 1 
1 

Similarly, for i = 0,1 



S^*?U(5),U(T,))(^(^')'^) = Hom5(K(A^),iV). 



Ext*o^(K(A),iV) - £xf(u(g),u(,^))(K(A),iV) 
By Corollary 15.41 we have, for i = 0,1, 

(5.7) Exti^ iKiX'),N) - Ext*o^(i^(A),iV). 
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Since all the isomorphisms involved are natural, it is not hard to see the isomorphism 
(j5.7p is indeed induced by T. This completes the proof of (i). Part (ii) is analogous. □ 



Lemma 5.6. Let N G Oy and 







(5.8) — > M' M — >M" 

be an exact sequence of g-modules in Oy. Then 

(i) The \5. 8^) induces the following commutative diagram with exact rows. (We will 
use subscripts to distinguish various maps induced by T .) 

Y 







-> Bom~.f (M",N) 



Hom^/ (M, N) 



Homg/ {M',N) 



T 

M,N 



T _ 

M'N 



Rom^f {M'\N) 



HomQ/(M,iV) > Homg/ (M',iV) 



Exti,(M",iV) 



M".N 



Exti,(M,iV) 



M,N 



Exti,(M',iV) 



Ti - 

M'N 



Ext;, (M", AT) 



Exti, (M,iV) > Ext' {M',N) 



Jy ^Y 

(ii) The analogous statement holds replacing T by T in (i), M by M , et cetera. 

Proof. We shall only prove (i), as the argument for (ii) is analogous. By [M[ Chapter 
VII Proposition 2.2], the rows are exact. We only need to show that the following 
diagram is commutative. 

^ Exti,(M",iV) 



Homg/ (M',iV) 



T _ 

M'N 



M",N 



Homg/ {M',N) 



Ext;. {M",N) 



Let / G Homg/ {M',N). Then d{f) G ExtL {M",N) is bottom exact row of the 



following commutative diagram: 
> M' - 



-> M 



M" 



^ 



/ 



-> N 



-> E 



-> M" 



^ 



Here E is the pushout of / and i, and all maps are the obvious ones. Let / := T^, ^[/]. 

Since T is compatible with pushouts, T~,, ^id{f)) = d{f), which is the pushout of / 

and T[i]. On the other hand, T-^, ^[f] = f and hence <9(T^, ^[/]) = d{f). This 
completes the proof. □ 



IRREDUCIBLE CHARACTERS OF SUPERALGEBRA AND SUPER DUALITY 



25 



By Lemma 13.41 and the fact that T{ip) ^ and T((/?) ^ for any nonzero ly- 
homomorphism ip from L(ly, A^) to itself with A € Ty, we have the following. 

Lemma 5.7. Let M,N e Oy. We have 

(i) T : Homg/ (M, N) — t- Hom^/ (M, A^) is an injection, 

(ii) T : Hom,7;/ (M, N) — )• Hom-/ (M, A^) is an injection. 

Lemma 5.8. Let A € ^Py and iV G Oy. We have 

(i) T : Homjx/ {L{X^), N) — t- Hom „/ {L{X),N) is an isomorphism. 



(ii) T : Homjx/ {L{X^), N) — t- Hom—/ (L(A''), A^) is an isomorphi 



ism. 



Proof. Consider the commutative diagram with exact rows 

> M > K{X^) > L(A^) > 



^ M 



'L(A«) 







M 



-> 



We obtain the following commutative diagram with exact rows. 











Rom^f^{L{X<^),N) 



Homg/ (K(A^),iV) y Rom^f^{M,N) 



Tr 



L(\''),N 

-> Hom / (L(A),A^) 



-> Hom^/ (i^(A),iV) 



J' — 

M.N 



-> Hom,„f (M,N 



By Lemma 15.51 Tj-^^^g.^ ^ is an isomorphism and by Lemma 15.71 Tj^ ^ is an injection. 
This implies that Tj^f^xe-^ is an isomorphism. □ 

Lemma 5.9. Let A € ^Py and iV G 0^. We have 

(i) T : Exti-j (Z(A^),iV) Ext\f {L{X),N) is an injection. 

(ii) T : Exti^. (L{X^),N) Exti^- (r(A^),iV) is an injection. 



Proof. Let 



(5.9) ^ iV ^ S ^ L(A^) — y 

be an exact sequence of g-modules. Suppose that (j5.9p gives rise to a split exact 
sequence of g-modules 

T[7l 







N 



E 



L(A) 



0. 



Thus there exists V' S Homg/ {L{X),E) such that T[/] = 1i,(a). By Lemma [5^81 there 
exists G Homg/ (L(A^), ^) such that r[V^] = Thus r[7o ^] = T[f] o r[V'] = 1l{a)- 
By Lemma \5M we have f o ip = Ij^^^gy and hence (|5.9p is split. □ 



Lemma 5.10. Let M,N e(D{r. We have 
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(i) T : HoniTj/ (M, N) — )• Hom „/ (M, N) is an isomorphism. 

(ii) T : Hom^/ (M, N) — t- Horn—/ (M, N) is an isomorphism. 

Proof. We proceed by induction on the length of a composition series of M. If M is 
irreducible, then it is true by Lemma l5.8i 

Consider the following commutative diagram with exact top row of g-modules and 
exact bottom row of g-modules. 



(5.10) 











-> M' 



-> M 







T — 


T~ 




M' 


^ M 





M' 



M 







The sequence (jS.lOp induces the following commutative diagram with exact rows. 
> Rom^f (l{X^),N)) > Rom^f{M,N) 







Rom^f {L{X),N) 



T 

M,N 



Rom^f (M, N) 



Homg/ (M',7V) > Exti; (L(A^),iV) 



T - 

M'N 



Ti 



> Rom^fjM',N) > Ext^, (L(A),Af) 



The map Tj^, ^ is an isomorphism by induction. The map '^j^^^e-j injection by 

Lemma l5.9i Also T^^g-^ ^ is an isomorphism by Lemma 15.81 This implies that ^ 
is an isomorphism. □ 

Lemma 5.11. Let M,N e 0(.. We have 

(i) T : Ext^f (M, N) Ext^^ (M, A^) is an injection, 

(ii) T : Exti/ (M, N) Exti/ (M, N) is an injection. 

Proof. The proof is virtually identical to the proof of Lemma [5.91 Here we use Lemma fS.lOl 
instead of Lemma 15.81 □ 



Lemma 5.12. Let A € and iV G Oy. We have 



(i) T : Ext~f {L{X^),N) ExtJ^^ {L{X),N) is an isomorphism. 

(ii) T : Extij (Z(A^),iV) Extl^- (L{X'^),N) is an isomorphism. 
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Proof. Consider the following commutative diagram with exact rows. 

> M > k{\^) L(A'') > 



(5.11) 



M 



'k(A«) 



M 



K{X) 







The sequence (15. lip induces the following commutative diagram with exact rows. 



Homg/ (K(A^),iV) 
Homg/ {K{X),N) 



Homg/ {M,N)) 



x — 

M,N 



-> Hom^/ {M, N) 



Exti,(L(A^),iV) 



Ti 
L(\0),N 



Ext;, (L(A),iV) 
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Exti,(i^(A^),iV) 



K{Afl),JV 



> Ext!,,(i^(A),iV) 



Exti, {M,N) 



tL ^ 



Ext J,(M,iV) 



The map T~ ~ is an injection by Lemma [5.111 The map T^^^^^ ~ is an isomorphism by 

Lemma [531 Also Tj^^^e^ ^ and ^ are isomorphisms by Lemma r5. 101 Thus ^jj-^^e^ ^ 
is an isomorphism. □ 

We have now all the ingredients to prove of Theorem 15.11 

Proof of Theorem \5.1[ Lemma [5 . 1 2 1 implies that for every M G there exists M £ 0(. 

such that T[M) = M, i.e. the functor T is essentially surjective. Now Lemma [5. 101 says 
that T is full and faithful. It is well-known that an essentially surjective functor that is 
full and faithful is an equivalence of categories (see e.g. [P]), proving (i). (ii) is proved 
in an analogous fashion, while (iii) follows from combining (i) and (ii). □ 



Remark 5.13. Theorem 15.11 (iii) was stated as a conjecture in \CW\ Conjecture 4.18]. 
\CW\ Conjecture 4.18] in the special case of y = [—m, —2] was already formulated in 
[CWZl Conjecture 6.10]. A proof of Theorem [5T] (iii) in the special case Y = [—m, —2] 
was announced by Brundan and Stroppel in [BSj . The proof we have presented here is 
different from the one announced in |BS] , as it constructs directly the functors inducing 
this equivalence and also does not rely on [B] . 

Remark 5.14. The classical BGG-type resolutions for the finite-dimensional modules of 
[Le] and for the unitarizable modules of [EW] in terms of parabolic Verma g-modules 
together with Theorem 15.11 imply the existence of BGG-type resolutions for the corre- 
sponding Q- and 0-modules in terms of parabolic Verma g- and g-modules, respectively. 
The case of g and Y = [—m, —2] was already established in |CKL| . 
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